We define context-free grammars with Müller acceptance condition that generate languages of countable words. We establish several elementary properties of the class of Müller context-free languages including closure properties and others. We show that every Müller context-free grammar can be transformed into a normal form grammar in polynomial space without increasing the size of the grammar, and then we show that many decision problems can be solved in polynomial time for Müller context-free grammars in normal form. These problems include deciding whether the language generated by a normal form grammar contains only well-ordered, scattered, or dense words. In a further result we establish a limitedness property of Müller context-free grammars: If the language generated by a grammar contains only scattered words, then either there is an integer n such that each word of the language has Hausdorff rank at most n, or the language contains scattered words of arbitrarily large Hausdorff rank. We also show that it is decidable which of the two cases applies.
Introduction
In a general setting, a word over an alphabet Σ is an isomorphism class of a linear order labeled in Σ. In this paper, we consider languages of countable words including scattered and dense words, i.e., words whose underlying linear order is scattered or dense, cf. [16] .
Whereas finite automata over ω-words and more generally countable and even uncountable words have been studied since the 1960's, cf. e.g., [7, 8, 1, 18, 19, 2, 5] , context-free grammars generating infinite words received little attention.
Context-free grammars have been used to generate languages of ω-words in [9] and [4, 15] . Context-free grammars generating languages of countable words equipped with Büchi acceptance condition were considered in [11] . At the end of [11], we have also defined context-free grammars with Müller acceptance condition and showed that they generate a strictly larger class of languages. In this paper, our aim is to study Müller context-free languages in a systematic way.
We establish several elementary properties of the class of Müller context-free languages including closure properties and others. We show that every Müller context-free grammar can be transformed into a normal form grammar in polynomial space with only a linear increase in the size of the grammar, and then we show that many decision problems can be solved in polynomial time for Müller context-free grammars in normal form. These problems include deciding whether the language generated by a normal form grammar contains only well-ordered, scattered, or dense words. In a further result we establish a limitedness property of Müller context-free grammars: If the language generated by a grammar contains only scattered words, then either there is an integer n such that each word of the language has Hausdorff rank at most n, or the language contains scattered words of arbitrarily large Hausdorff rank. We also prove that it is decidable which of the two cases applies and show that if the rank of the words in the language is bounded by some integer, then the least such bound is computable. Again, we give a polynomial time algorithm for grammars in normal form.
Countable words were first investigated in [10], where they were called "arrangements". Any countable word can be represented as the frontier of an infinite tree. Accordingly, any Müller context-free language can be seen as the frontier language of a tree language recognized by a Müller tree automaton, cf. [17] . Many of our decidability results can thus alternatively be proved using certain closure properties and decidability results on Müller automata and some specific constructions, but these general arguments do not provide the simple characterizations developed in the paper and usually yield higher complexity. See also Section 4.
Notation
In this section we recall some concepts for linear orders and words and introduce the notion of Müller context-free grammars and languages.
Linear Orders and Words
We make use of the standard notions concerning linear orderings, see e.g. [16] .
A linear order (P, ≤) is a well-order if each nonempty subset of P has a least element, and is dense if it has at least two elements and for any x < y in P there is some z with x < z < y. 1 A quasi-dense linear order is a linear order (P, ≤) containing a dense linear sub-order, so that P has a subset P such that (P , ≤) is a dense order. A scattered linear order is a linear order which is not quasi-dense. The order type of a linear order is the isomorphism class of the linear order.
It is clear that every finite linear order is a well-order, every well-order is a scattered order, and every dense order is quasi-dense. It is well-known that up to isomorphism there are 4 countable dense linear orders: the rationals Q with the usual order and possibly endowed with either a least or a greatest element (or both).
An ordinal is the order type of a well-order. The finite ordinals n are the order types of the finite linear orders. As usual, we denote by ω the least infinite ordinal which is the order type of the finite ordinals and of the natural numbers
